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Abstract .  
A g e n e r a l  d e s c r i p t i o n  of t h e  f i x e d  f i e l d  a l t e r n a t i n g  g r a d i e n t  
synchrotron i s  p re sen ted ,  fol lowed by a d e t a i l e d  t rea tment  o f  o r b i t  
geometry, l i n e a r  o r b i t  theory ,  and magnetic f i e l d  p a t t e r n s  f o r  the  
Mark I machine. Tables of des ign  parameters  a r e  worked o u t  f o r  a 
10 9ev pro ton  synchrotron.  
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1. General d e s c r i p t i o n .  
-
I n  t h e  f i x e d  f i e l d  a l t e r n a t i n g  g r a d i e n t  synchrotron,  the  magnetic 
f i e l d  i s  kep t  cons t an t  i n  t ime,  and t h e  magnetic f i e l d  p a t t e r n  i s  
s o  designed t h a t  s t a b l e  o r h i t s  of a l l  e n e r g i e s  from t h e  i n j e c t i o n  
energy t o  t he  ou tpu t  energy a r e  accommodated w i t h i n  the  evacuated 
donut. The r equ i r ed  lromentum compaction i s  achieved by a r ranging  
t h a t  t he  high energy o r h i t s  s h a l l  pa s s  through r eg ions  of h i g h  
average magnetic f i e l d ,  8nd t h e  low energy o r b i t s ,  through r eg ions  
of low averape magnetic f i e l d .  I n  most FFAG machines so  f a r  
considered,  t h i s  i s  accomplished by u t i l i z i n g  magnetic f i e l d s  whose 
magnitudes i n r r e a s e  r a p i d l y  w i t h  r a d i u s ,  s o  t h a t  the  low energy 
o r b i t s  l i e  on the i n s i d e  of t h e  donut,  and the  h i g h  energy o r b i t s ,  
- on the  o u t s i d e . I t i s p o s s i b l e ,  howeeer, t o h a v e  s t a b l e o r l ~ i t s w l t h  
nega t ive  rromentw c o ~ p a c t i o n ,  so  t h a t  t he  h igh  energy o r b i t s  a r e  on 
the  i n s i d e ,  and t h i s  h a s  s e v e r a l  advantages.  S t a b i l i t p  of h o r i z o n t a l  
and v e r t i c a l  b e t a t r o n  oscillations i s  mainta ined by a l t e r n a t i n g  
g r a d i e n t  focuss ing .  I n  most of t h e  machines t h a t  have been proposed,  
a c c e l e r a t i o n  o f  t he  p a r t i c l e s  i s  by means of r.f. vo l t ages  a p p l i e d  
t o  one o r  more a c c e l e r a t i n g  gaps around t h e  donut. Phase s t a b i l i t y ,  
a s  i n  t he  convent ional  P.G. synchrotron,  a l lows  t h e  p a r t i c l e s  t o  
he c a r r i e d  from i n j e c t i o n  energy t o  o u t r u t  energy by modulating 
the  frequency of t he  a c c e l e r a t i n g  vo l tage .  
I n  most of t he  proposed machines, t he  circumference of t he  
donut i s  d iv ided  i n t o  N s e c t o r s ,  each s e r t o r  c o n s i s t i n g  of a r a d i a l  
focuss ing  ( v e r t i c a l  defocuss ing)  h s l f - s e c t o r ,  and e r a d i a l  defocussing 
- ( v e r t i c a l  focuss ing )  h a l f  s e c t o r .  I n  both  h a l f - s e c t o r s ,  t he  mag- 
n i tude  of t he  magnetic f i e l d  i n c r e a s e s  r a p i d l y  wi th  r a d i u s ,  and t h e  
revesse  p rad ien t  i n  the  v e r t i c a l  focuss ing  h a l f - s e c t o r  i s  ob ta ined  
P by r e v e r s i n g  t h e  d i r e c t i o n  of t h e  magnetic f i e l d .  This  imp l i e s ,  
of course ,  t h a t  t h e  o r b i t  w i l l  bend a l t e r n a t e l y  outward and inward 
i n  a l t e r n a t e  h a l f - s e c t o r s ,  w i t h  a  consequent i n c r e a s e  i n  t h e  o v e r a l l  
circumference of the  machine. The r a t i o  between t h e  l e n g t h  of t h e  
h i g h e s t  energy o r b i t ,  and t h e  ( rcumference of a  c i r c l e  whose r a d i u s  
i s  t h e  minimum r a d i u s  o f  cu rva tu re  of t h e  h i g h e s t  e n e r m  ( e q u i l i -  
brium) o r L i t ,  i s  c a l l e d  t h e  circumference f a c t o r .  
I n  the  Yark I machine, the  f i e l d s  i n  focuss ing  and defocuss ing  
ha l f - s ec to r s  i n c r e a s e  according t o  t h e  same f u n c t i o n  of r a d i u s  ( s t r i c t l y  
speakinc,  of e n e r m ) ,  so t h a t  t h e  r a t 3 0  of f i e l d s  i n  a l t e r n a t e  h a l f -  
s e c t o r s  a lonp  a  given o r b i t  i s  c o n s t a r t ,  independent of energy. 
I n  o r d e r  t o  minimize t h e  circumference f a c t o r ,  one would l i k e  t o  
make the  v e r t i c a l  focfissing s e c t o r s  have a s  s h o r t  a  l e n g t h  and a s  
- 
weak a  f i e l d  a s  r o s s i b l e ,  hut  a  l i m i t  i s  s e t  h e r e  by t h e  r e q u i r e -  
ment of s t a h l l i t y  of v e r t i c a l  h e t a t r o n  o s c i l l a t i o n s .  It t u r n s  
o u t  t h a t  t h e  maximum r a t i o  of t h e  produc t  of f i e l d  g r a d i e n t  by s e c t o r  
l e n g t h  be-tween r a d i a l  and v e r t i c a l  focuss ing  h a l f - s e c t o r s  i s  about 
3 / 2 *  I n  t h e  Mark I b  machine, t h e  f i e l d s  a r e  equa l  and oppos i te  
i n  t he  two s e c t o r s ,  the  s e c t o r  l eng ths  a r e  i n  the  r a t i o  3 / 2 ,  and 
the  r e s u l t i n g  circumference f a c t o r  i s  5.  I n  t h e  Mark I a  machine, 
t he  h a l f - s e c t o r  l e n g t h s  a r e  equa l ,  and t h e  magnetic f i e l d s  a r e  i n  
the  r a t i o  3 / 2 ;  the  circumference f a c t o r  i s  t h e n  6 .  I n  Mark I 
type machines, t he  h a l f - s e c t o r  l e n g t h s ,  measured i n  r a d i a n s  subtended 
a t  the c - n t e r  of t he  machine, a r e  t he  same f o r  a l l  o r b i t s ,  and a l l  
o r b i t s  have s i m i l p r  shapes.  In  some o t h e r  types  of proposed machines, 
t he  h a l f - s e c t o r  l e n g t h s  vary  w i t h  o r b i t  energy,  and t h e  d . i f fe ren t  
- 
o r h i t s  a r e  n o t  geomet r i ca l ly  s i m i l a r .  The Mark I machines a r e  t he  
s imples t  and e a s i e s t  t o  analyze mathemat ical ly ,  and t h i s  r e p o r t  
w i l l  he conf ined t o  t h i s  ca se ,  a l though  some of t he  a n a l y s i s  
P 
w i l l  apply t o  Fore penera l  types.  
It i s  c l e a r  t h a t  t h e  FFAG synchrotron,  i f  a  p r a c t i c a l  des ign  
can he achieved, w i l l  have a  number of important  advantapes over 
the  convent ional  s m c h r o t r o n s .  The u s e  of D.C. magnets r e s u l t s  i n  
a  considerable s i m n l i f i c a t i o n  of magnet power supply,  a l lows  t h e  
use  of cheaper grade i r o n ,  e l i m i n a t e s  remanent f i e l d  problems, 
s i m p l i f i e s  s a t u r a t i o n  problems, and a l l ows  D.C. trimming f o r  
magnet misalignments and imper fec t ions .  The n e c e s s i t y  Tor accu ra t e  
t r ack ing  of a c c e l e r a t i n g  vo l t age  f requency wi th  magnetic f i e l d  r i s e  
i s  e l imina t ed ,  with R r e s u l t i n g  g r e a t e r  freedom and simplicit:? i n  
the design of t h e  r . f .  system, and a  p o s s i b i l i t v  of  i nc reas ing  
t h e  ou~ tpu t  c u r r e n t  by us ing  h i g h  p u l s e  r e p e t i t i o n  r a t e s .  The only 
- r e s t r i c t i - o n s  on the  f requency modulation cyc l e  a r e  t h a t  t he  frequency 
niust not  cbange too  r a p i d l y  f o r  t he  p a r t i c l e  energy t o  fo l low,  and 
1,hat the  r.f. no ise  be kep t  smal l ,  and even the  l a t t e r  requirement 
i s  l e s s  severe  i n  the FWAG synchro t ron  s i n c e  phase o s c i l l a t i o n s  of 
any f i n i t e  ampli tude can he accomodated w i t h i n  t he  donut. Because 
or  t he  ? r e a t  rromentum compaction, t h e  t r a n s i t i o n  energy i s  much 
h iphe r  than i n  t he  convent iona l  A-G s ~ n c h r o t r o n ;  I n  a l l  t he  des igns  
t h a t  we have s tud ied ,  the  t r a n s i t i o n  energy t u r n s  o u t  t o  be above the  
output  enerp;y of t he  machine, so  %hat  t he  t r a n s i t i o n  energy problem 
i s  a l s o  e l imina t ed .  One can make use  of the a d i a b a t i c  darrping of 
v e r t i c a l  b e t a t r o n  o s c i l l a t i o n s  t o  des ign  the  donut c r o s s  s ec t ion  and 
magnet gap so t h a t  the  v e r t i c a l  a p e r t u r e  i s  l a r g e  a t  i n j e c t i o n  and 
small a t  h igh ene rc i e s ,  w i t h  conseruent  saving i n  i ron ,  and r e l a x i n g  
- 
of i n j e c t i o n  to l e r ance .  A f i r t h e r  s i m p l i f i c a t i o n  of i n j e c t i o n  
prob1e.n~ can "e achieved by going t o  very  low i n j e c t i o n  e n e r g i e s ;  
the onlg  s i p n i f i c e n t  p e n a l t y  paid  f o r  low i n j e c t i o n  e n e r g i e s  i s  an 
i n c r e a s e  i n  t h e  range of f requency modulation r e q u i r e d ,  and t h e r e  
a r e  schemes by which t h i s  d i f f i c u l t y  can be surmounted. Ayiother 
advantage i s  t h a t  a  t a r ~ e t  may he placed  i n  t h e  machine a t  t he  o r b i t  
corresponding t o  t he  d e s i r e d  energy without  the  n e c e s s i t y  f o r  s p e c i a l  
schemes t o  d e f l e c t  t he  beam i n t o  the  t a r g e t .  
The p r i n c i p a l  d isadvantage of t h e  FFAG synchrotron which h a s  so  
f a r  come t o  l i g h t  i s  t h e  l a r g e  c i rcumference f a c t o r .  For t h e  Mark Ib ,  
the  circumference f a c t o r  i s  5 ,  However the naximum f i e l d  on the  
equi l ib r ium o r h i t  can he made h ighe r  i n  the  PFAG synchrotron than 
i n  t he  convent iona l  A.G.  synchrotron,  bo th  because i t  i s  p o s s i b l e  
t o  opera te  t h e  magnet i r o n  wel l  i n t o  s a t u r a t i o n  a t  t h e  h i p h  f i e l d  
p o i n t s ,  and 5ecause t h e  h i g h e s t  energy o r b i t  l i e s  a t  t h e  ou t s ide  edee 
- of t h e  f i e l d  i n  the W A G  machine, whereas i t  l i e d  i n  t h e  c e n t e r  of the  
f i e l d  i n  t h e  convent iona l  machine. For  t h e s e  reasons ,  i t  i s  probable  
t h a t  t h e  maximum f i e l d  on t h e  equ i l i b r ium o r b i t  i n  t h e  FFAG spnchro- 
t r o n  can be made g r e a t e r  by a  f a c t o r  of perhaps  3 / 2 .  The Mark I 
synchrotron w i  11 then be l a r g e r  i n  circumference than  a  convent ional  
machine of the  same energy by a  f a c t o r  of  3.3. Other  types  of FVAG 
synchrotrons  w i t 5  smal le r  c i rcumference f a c t o r s  a r e  being s tud ied  
and w i l l  be t he  s u b j e c t  of  f u t u r e  r e p o r t s .  
2, Orb i t  eeometry. 
We w i l l  use  s u b s c r i p t s  and t o  r e f e r  t o  r a d i a l  focuss ing  
and defocuss ing  s e c t o r s ,  r e s p e c t i v e l y .  We w i l l  assume t h a t  an e q u i l i -  
brium o r b i t  i s  made up of a l t e r n a t e l y  inward and outward bending 
- c i r c u l a r  a r c s ,  a s  i n  Figure  1. The n o t a t i o n  i n d i c a t e d  i n  Fig. 1 
has  hecome s tandard .  We w i l l  t a k e  the  t u r n i n g  a n g l e A  and the  r a d i u s  
of curva ture  i n  t h e  defocuss ing  s e c t o r  a s  nega t ive  when the  
o r b i t  bends away from the  c e n t e r  of  cu rva tu re  a s  i n  t h e  Mark I 
machine. The r a d i u s  r from t h e  c e n t e r  of t he  machine t o  any p o i n t  on 
the  o r b i t  can f o r  most purposes  be taken  equa l  t o  r~ s ince  /, 6 
a r e  small.  
The fo l lowing  g e o n e t r i c a l  r e l a t i o n s h i p s  a r e  e v i d e n t  from t h e  
f i g u r e ,  where N i s  the  t o t a l  number of s e c t o r s ,  and t h e  approximate 
express ions  a r e  rral id when the  a n g l e s  a r e  small: 
The l e n g t h  of e i t h e r  s e c t o r  i s  
6 
The t o t a l  l eng th  of o r b i t  i s  
-7- MUKA-KRS-6 
.- 
The circumference f a c t o r ,  if/'>// ) I i s  
where 
I n  t he  Mark I b  machine, 
The d e v i a t i o n  of t h e  s ca l loped  o r b i t  from a  c i r c l e  of r a d i u s  rE 
m a y  be determined by c a l c u l a t i n g  the  d i s t a n c e s  
~f ~ 3 5 0 ,  o &  0.063,/5 0.31, t h e  d i f f e r e n c e s  between rF, rD, 
and rE a r e  l e s s  than s h o u t  0.25%. 
we can solve eqs  ( 1 1 ,  (61, and ( 7 )  f o r 6 a n v :  
k a (11 A=m N , 
2 (12)  
- 3 - 1  N , 
-2 a= 
4 
B l s ~ + ~  ~ , (13)  
1 2.r 
ea'pT7 x. (14) 
We then  have: 
For Mark I machines, a l l  o r b i t s  a r e  geomet r i ca l ly  s i m i l a r ,  and the  
r a t i o s  
a r e  independent of energy. 
3. Linear  o r b i t  theory.  
The l i n e a r i z e d  equa t ions  f o r  b e t a t r o n  o s c i l l a t i o n s  about a n  
equ i l i b r ium o r b i t  a r e  g iven  by Courant and Snyder (DC/HSS-1, p.4): 
where x  and z a r e  the  d e v i a t i o n s  from t h e  equflibrium o r b i t  i n  r a d i a l  
and v e r t i c a l  d i r e c t i o n s ,  r e s p e c t i v e l y ,  and 
where H - Hz i s  t h e  magnetic f i e l d  i n  t h e  p lane  of t h e  o r b i t .  I n  
t he  c a s e s  of i n t e r e s t  )n177  1, and t h e  second terms i n  pa ren theses  
,- i n  Eq. ( 2 )  can be neglected.  The d i s t a n c e  x i s  t o  be measured 
pe rpend icu la r  t o  t h e  o r b i t  a t  each  p o i n t ,  but can,  t o  a  good 
approximation,  be measured r a d i a l l y  outward from the  c e n t e r  of t he  
machine. 
If t h e  f i e l d  i s  c o n s t a n t  a long each equ i l i b r ium o r b i t  w i t h i n  
a  h a l f - s e c t o r ,  then by Eqs. (2-91, (2-lo)+:-,  t h e  g r a d i e n t s  a r e  a l s o  
very nea r ly  cons t an t  a long  each equ i l i b r ium o r b i t  w i th in  a  h a l f - s e c t o r .  
The index n  i s  then  c o n s t a n t  w i t h i n  each h a l f  s e c t o r ,  and we w i l l  
des igna te  i t s  v a l u e s  by n  and n2 i n  t he  two h a l f - s e c t o r s .  Since /4 1 
H 
d Hl, hnl a r e  a l l  p o s i t i v e ,  whi le  A, Hz, end f i  a r e  a l l  nega- 1' and by. 
t i v e ,  n  i s  nega t ive ,  and n  i s  p o s i t i v e .  
1 2 
The phase t ransfomnat ion  m a t r i x  f o r  a focuss ing  h a l f - s e c t o r ,  
according t o  Courant and Snyder, i s  
C 
4sThe f i r s t  number i n  pa ren theses  i s  t h e  number of t h e  s e c t i o n  i n  
which the equa t ion  occurs .  When the s e c t i o n  number i s  omitted,  
t he  r e f e rence  i s  t o  t he  p r e s e n t  s ec t ion .  
w i t h  
> f o r  r a d i a l  focuss ing  s e c t o r ,  
15) 
f o r  v e r t i c a l  focuss ing  s e c t o r ,  
and f o r  a defocussing h a l f - s e c t o r  
wi th  
- 
If we n e g l e c t  1 i n  conpar ison w i t h  n, 
For a f u l l  s e c t o r ,  from t h e  heginning of one r a d i a l  focuss ing  s e c t o r  
t o  the  nex t ,  t h e  ma t r ix  f o r  r a d i a l  motion i s ,  t hen  
The ma t r ix  f o r  v e r t i c a l  motion i s  ob ta ined  from Eq. ( 9 )  by i n t e r -  
C 
changing s u b s c r i p t s  and 2. The b e t a t r o n  phase s h i f t s  through a  
where 
Equat ions  ( l o ) ,  (111, (12)  determine the  q u a n t i t i e s  + I , ~ L .  30 f o r  
any o r h i t  i n  terms of $, and J/: We s h a l l  r e q u i r e  t h a t  
a l l  o r b i t s  l i e  a t  the  same p o i n t  on t h e  n e c k t i e ,  i . e .  t h a t  4- 
xy 5 
s h a l l  Fe t h e  same f o r  a l l  o r b i t s .  Given b ,  6, then 'q , ,  qa, a r e  
r )  X z 
determined a s  f u n c t i o n s  of / . 
I n  the  Mark I machine, f i s  the  same f o r  a l l  o r b i t s ,  so t h a t  
- 3; %,f a r e  t h e  same f o r  a l l  o r b i t s .  Since p i s  p r o p o r t i o n a l  t o  S, 
t h i s  imp l i e s  by Eq. ( 8 )  t h a t  nl, n2 must be t he  same f o r  a l l  o r b i t s ,  
,- 
I n  the  M,rk I b  machine, j<:/ , and we have t h e  simple r e l a t i o n s  
cos bx : cos  Y'cosh (Y 
/ L (13) 
cos  rZ -, cos  t c o s h  (14)  
r . r  
For a  minimum f a c t o r ,  r s h o u l d  be a  maximum. The 
maximum ~ r a l u e  of &-on the  n e c k t i e  occurs  a t  the  lower l e f t  hand 
co rne r ,  6, =n-, & .r 0 .  If we take a s  t h e  c l o s e s t  s a f e  approach t o  
z 
t h e  co rne r ,  
- then  we ob ta in ,  from Eqs. (13) and (14) :  
= 1.50, C = 5.0. (17 ) 
I n  t he  Mark I a  machine, the  maximum value of 8 i s  s t i l l  about  
1.5, and psi, SO t h a t ,  by Eq- (2-51, C =  6. 
4. Magnetic f i e l d  p a t t e r n s .  
I n  the  Mark I machine, P i s  p ropork tona l  t o  rE. For  t h e  r a d i a l  
focuss ing  h a l f - s e c t o r ,  t h e  r e l a t i o n  i s  very n e a r l y  
Hence, by Eq.  (2-16) ,  i f  we omit the  s u b s c r i p t u  " E 
and 
where t h e  s u h s c r i p t M  * r e f e r s  t o  t h e  maxlmum energy o r b i t .  S i m i l a r l y ,  
If Eq,  (3-12) i s  t o  ho ld  a t  a l l  r a d i i ,  t h e  exponents must be equa l ,  
and 
For  Mark I b ,  we mag s e t  
wh61-e we have used Eqs. (2031, (2-121, and (3-8). For t h e  ca se  
e ; 7 = t h i s  i s  
X , z 
To a  good approximation,  the  magnetic f i e l d  i n  t h e  median p lane  
may be taken a s  g iven  by Eqs. (3) and ( 4 ) ,  where r i s  t h e  r a d i u s  
from the  c e n t e r  of the  machine t o  a  p o i n t  on the  o r b i t .  More p re -  
c i s e l y ,  we should r e q u i r e  t h a t  w i t h i n  a h a l f - s e c t o r  t h e  f i e l d  be 
c o ~ s t a n t  e lone  any one o r b i t  and be g iven  a t  the ends of t h e  h a l f -  
s e c t o r  by Fq. (3 )  or  (4). The o r b i t s  w i t h i n  t he  h a l f - s e c t o r s  w i l l  
t hen  h~  e x a c t l y  c i r c u l a r  a r c s  a s  shown i n  Fig. 1, but  t h e  g r a d i e n t s  
w i l l  t hen  be about l / k%. too  smal l  o r  t o o  g r e a t  i n  magnitude a t  t he  
- 
c e n t e r s  of t he  focuss ing  o r  defocussing h a l f - s e c t o r s ,  and w i l l  be 
too p r e a t  a t  t he  ends of t he  s e c t o r s  by a  f a c t o r  
o r  about 1%. The e r r o r s  a t  the  c e n t e r s  of  t h e  s e c t o r s  a r e  due t o  t he  
f a c t  t h a t  r f r E  , and those  a t  t h e  ends  a r e  due t o  t h e  f a c t  t h a t  '/a 
was r ep l aced  by '/& i n  T g .  ( 2 ) .  
Once the  magnetic f i e l d  i s s p e c i f i e d  on the  median p l ane ,  i t  
i s  determined throughout t h e  space between the  magnet p o l e s  by 
Maxwell's equa t ions .  A good approximation t o  t h e  f i e l d  p a t t e r n  can 
be obta ined by n e g l e c t h e  t h e  curva ture  of t he  o r b i t s ,  and r e q u i r i n g  
t h a t  H he t he  g r a d i e n t  of a  harmonic p o t e n t i a l  f u n c t i o n  i n  a  v e r t i c a l  
p lane  through tbe  c e n t e r  of t h e  machine. 
C 
A s u i t a b l e  p o t e n t i a l  f u n c t i o n  i s  
where r ,  d  a r e  p o l a r  coo rd ina t e s  i n  t h e  v e r t i c a l  p lane  (Fig.2). 
F igure  2 
The r e s u l t i n g  magnetic f i e l d  i s  
,- 
This  f i e l d  h a s  the  r equ i r ed  form i n  t h e  h o r i z o n t a l  p lane  y= 0. 
If we in t roduce  r e c t a n g u l a r  coo rd ina t e s  X ,  z, w i t h  o r i g i n  a t  
any p o i n t  r ,o i n  t he  h o r i z o n t a l  p lane,  t hen  i f  x, z  c< r, we can 
w r i t e  as  a  good approximation 
where we hsve a l s o  neg lec ted  1 i n  comparison w i t h  nC. This  f i e l d  
can i n  f a c t  he der ived  from t h e  harmonic p o t e n t i a l  
- 
5.  Momentum compaction and phase s t a b f l f l q  
On the  equ i l i b r ium o r b i t ,  
~ i u l t i p l y i n g  Eq. (4-3) e/ and us ing  (4-11, we ob ta in  
where n  = 
-nl 
T h i s  equa t ion  determines  the  donut t h i c k n e s s  f o r  any g iven  ou tpu t  
and i n j e c t i o n  e n e r g i e s .  
- The frequency o f  r e v o l u t i o n  i s  very  n e a r l y  
A t  low e n e r g i e s ,  t he  second f a c t o r  i s  dominant and t h e  f requency in-  
c r e a s e s  w i t h  energy n e a r l y  i n  p ropor t ion  t o  p ;  a t  h igh  e n e r g i e s ,  
the f i rs t  f a c t o r  dominates, an8 the frequency elowly dec reases  a s  
P ( I  . m e  t r a n s i t t o n  energy occurs  a t  
P t  = m Q c vly75-i. ( 5  
1f - 100, then n  - 100, by Rq. th - lo ) ,  and nC C 5 m ~  80 that 
P 
For pro tons  t he  t r a n s i t i o n  energy i s  about 20 Bev, and can be made 
h ighe r  by choosing a  l a r g e r  N. It i s  ve ry  l i k e l y  t h a t  even i f  the  
t r a n s i t i o n  energy i s  somewhat below the  ou tpu t  energy,  no phase 
r e v e r s a l  of t he  r f  i s  r equ i r ed ,  s ince  t h e  l a r g e  phase o s c i l l a t i o n s  
which occur a t  the t r a n s i t i o n  energy (and a r e  n o t  ob j ec t ionab le  i n  
t h e  D.C. synchro t ron)  may c a r r y  t he  p a r t i c l e s  o u t  t o  t h e m a x i m  
energy o r b i t .  
From Eq. (31, we can c a l c u l a t e  
Since a l l  equ i l i b r ium o r h i t s  a r e  s i m i l a r ,  t h e  c i rcumference of t h e  
o r b i t  i s  p ropor t iona l  t o  t h e  r a d i u s ,  t he  r a t i o  being s l i g h t l y  
g r e a t e r  than 2T, and hence Eq.(7) ,  and the  l a s t  member of Eq. (4) 
P a r e  exac t .  
r 
6. Design parsmeters  f o r  t m ' i c a l  machines. 
Parameters have been c a l c u l a t e d  f o r  a  FFAG p r o t o n  synchrotron 
wi th  an ou tpu t  enerpy of 10  °ev. We choose d =yc = $ and we 
/ 
assume a  maximum mapnetic Z ie ld  of 20,?00 geuss.  Taking 96 s e c t o r s  
we o b t a j n  a  donut r a d i u s  of 90 me te r s ,  wi th  a  r a d i a l  a p e r t u r e  of 1 
meter.  The parameters  a r e  g iven  i n  Table 1. Table 2 shows the  o r b i t  
r a d i u s ,  rragnetic f i e l d ,  f requency of r e v o l u t i o n ,  v e r t i c a l  a p e r t u r e ,  
and some magnetic f i e l d  e q u i p o t e n t i a l s  e s  a  f u n c t i o n  of energy. 
The v e r t i c a l  a p e r t u r e  was c a l c u l a t e d  r a t h e r  a r b i t r a r i l y  by fo l lowing  
the a d ~ i a b a t i c  darp ing  curve down t o  a  f i n a l  a p e r t u r e  of 1 cm. 
The l a r g e  change i n  f requency of r e v o l u t i o n  could be acconodated 
by modulating t h e  rf a c c e l e r a t i n g  vo l tage  from 174.7 ' C ~ / S  t o  524 
- 
kc/s, P a r t i c l e s  would be i n j e c t e d  when t h e  o s c i l l a t o r  i s  a t  174.7 k.;, 
and would be revolv ing  a t  s l i g h t l y  below the  9 t h  subhzrnonic. Par- 
t i c l e s  i n j e c t e d  ~t 2 Mev dur ing  the proper  phase would execute 
synchrotron o s c i l l a t i o n s  about an o r b i t  o f  about  .63 Nev. The 
frequency i s  then  inc reased  t o  524 k c / s ,  when the  p a r t i c l e  energy 
w i l l  5e ahout 6 Mev. The r f  vo l t age  I s  tu rned  o f f ,  and turned on 
svoothly  a t  174.7 kc / s ,  so that t he  6 Mev p e r t i c l e s  would be 
r e v o l ~ i i n g  a t  ahout  t he  3rd subharmonic. A t  t h e  save time another  
pu l se  of p a r t , i c l e s  can be in jected. .  The nex t  fm cyc le  c a r r i e s  t he  
p a r t i c l e s  t o  an energy of ahout 60 PJev, with a r e v o l u t i o n  f rec~uencg  
of 174.,7 k c / s ,  from which they a r e  a c c e l e r a t e d  on t h e  fundamental 
dur ing the  nex t  fm c y c l e ,  A t  each. fm cyc le ,  ( a f t e r  t h e ' t h i r d ) ,  a 
pu l se  of p a r t i c l e s  a r p e a r s  a t  t h e  ou tpu t  energy. If we assume an 
r energy r a i n  of SCO Kv p e r  t u r n  i n  t h e  f i n a l  cydle ,  s p u l s e  r e p e t i t i o n  
r a t e  of about 10 c y c l e s  p e r  second. Since no r.f. t r a c k i n g  i s  
r equ i r ed ,  i t  vev be p o s s i b l e  t o  use  a  mechanical ly  modulated h igh  
Q c a v i t y  and  o b t a i n  500 Kv a c r o s s  a  s i n g l e  r.f. gap. I n  t h i s  case 
i t  map be p o s s i b l e  t o  d i s p u r s e  w i th  t he  i n j e c t o r  a l t o g e t h e r  and 
l o c a t e  t h e  ion source j u s t  ahead of t he  a c c e l e r a t i n g  gap. 
A t reatment  of  s t r a i g h t  s e c t o r s  i s  the  s u b j e c t  of  a f;rthcominE 
r e p o r t .  
Table 1. 
Typica l  Design Parameters  Mark I b  
Output energy 10 Rev 
I n j e c t i o n  energy 0.5 Mev 
Max dou@.nut r a d i u s  90.75 m 
r a d i a l  a p e r t u r e  1 m 
v e r t i c a l  a p e r t u r e  a t  i n g e c t i o n  19 cm 
v e r t i c a l  s p e r t u r e  a t  20 l e v  1 cm 
C 5 
Table 2 
O r b i t  V e r t i c a l  Magnet Energy H 9 Eau i p o t e n t i a l  r a d i u s  Aperture Sepa ra t ion  
Kev m gauss  cm kc/s cm 
